This work focuses on modeling and simulating the absorption and scattering of radiation in a photocatalytic annular reactor. To achieve so, a model based on four fluxes (FFM) of radiation in cylindrical coordinates to describe the radiant field is assessed. This model allows calculating the local volumetric rate energy absorption (LVREA) profiles when the reaction space of the reactors is not a thin film. The obtained results were compared to radiation experimental data from other authors and with the results obtained by discrete ordinate method (DOM) carried out with the Heat Transfer Module of Comsol Multiphysics® 4.4. The FFM showed a good agreement with the results of Monte Carlo method (MC) and the six-flux model (SFM). Through this model, the LVREA is obtained, which is an important parameter to establish the reaction rate equation. In this study, the photocatalytic oxidation of benzyl alcohol to benzaldehyde was carried out, and the kinetic equation for this process was obtained. To perform the simulation, the commercial software COMSOL Multiphysics v. 4.4 was employed.
Introduction
In the last decades, photocatalytic processes have been the subject of different studies such as wastewater treatment [1] [2] [3] [4] [5] [6] , air purification in polluted environments with volatile organic compounds [7] [8] [9] , and synthesis of fine organic compounds such as benzaldehyde [10, 11] . According to literature [1, [3] [4] [5] [6] [11] [12] [13] [14] [15] [16] , the following different variables are crucial in a photocatalytical process efficiency: (a) catalyst type and concentration, (b) reagent type and concentration, (c) geometry and type of reactor, and (d) characteristics of the radiation inside the photoreactor. Because of the number of variables and the interaction among them, the modeling of this type of processes is expected to be rather useful not only for reactor design but also to achieve a better insight and understanding of the process.
The mathematical modeling and simulation of a photocatalytic reactor imply a great challenge due to the numerous involved variables; however, the computational analysis of these variables aids to accomplish such a task. Furthermore, the computational analysis allows evaluating hydrodynamic effects and kinetics without employing physical prototypes. The full modeling of photocatalytic reactors requires to include several submodels to simulate the physical phenomena occurring inside the reactor. Some of these necessary submodels are (a) radiation emission and incidence, (b) radiation absorption and scattering, (c) photoconversion kinetics, and (d) hydrodynamics [5, 13-15, 17, 18] . These are the result of mass, energy, and momentum balances, as well as radiation distribution and optical characterization of reaction space [6, 16, 19, 20] . These submodels are strongly interlinked. For example, the kinetics is a function of radiation absorption, which is in turn a function of catalyst characteristics and hydrodynamics. The conversion and performance of a photocatalytic reaction are a function of the local volumetric rate energy absorption (LVREA), which is defined as the energy due to photons absorbed per time and volume inside the photoreactor [21] . To evaluate the LVREA is necessary to solve the radiation transfer equation (RTE) [22] [23] [24] [25] .
where I λ x, Ω is the spectral radiation intensity, λ represents the wavelength, β λ is the extinction coefficient, which is the sum of the absorption coefficient, κ λ , and σ λ is the scattering coefficient. The ratio ω = σ λ /β λ is the scattering albedo coefficient which is inherent to each photocatalyst since it represents its photon absorption capacity. Ω is the solid angle, and p Ω → Ω is the phase function representing the redistribution of radiation after the scattering event. According to the first term in the right side of (1), the intensity is diminished by the effect of mainly two phenomena, scattering and absorption. This decrease is characterized by the extinction coefficient. There is also an increase in the intensity due to the scattering from other directions, and it is represented by the second term in the right-hand side of (1) [24, 26, 27] . The analytical solution of the RTE is a rather complex task, unless it is limited to simple reactor geometries with specific assumptions. Even when using specialized software, the radiation field simulation is a task that requires a high computational effort. Comsol Multiphysics v. 4.4 contains the physics of radiation in participating media (rpm), in the Heat Transfer Module, which is designed to solve 3D radiation transfer problems, taking into account the phenomena of emission, dispersion, and absorption of radiation. The Comsol Multiphysics v. 4.4 Heat Transfer Module employs the discrete ordinate method (DOM). This method consists the transformation of the integral-differential RTE into a system of algebraic equations to describe the transport of photons in such way that can be solved following the direction of propagation, starting from the values provided by the boundary conditions. However, RTE is solved by discretizing the solid angle at every discrete position in the 3D domain, which is computationally very demanding and may result in unrealistic results when the discretization of the solid angle is not refined enough.
A viable alternative is to employ numerical computational methods as the statistical method Monte Carlo (MC), which is known as highly accurate but requires a great computational effort [21, 28, 29] . Also, it is possible to employ analytical simplified methods like the two-flux model (TFM) and the six-flux model (SFM). These models consist of several algebraic equations developed for flat slab geometries [15] [16] [17] 30] , which were obtained by solving a system of differential equations with specific boundary conditions, for example, the outer wall of the reactor is opaque. SFM is very accurate for cylindrical geometries [14] in which the space where the reaction occurs, δ, is much smaller than the radius of the reactor,
However, in this investigation, a reactor in which the lamp is immersed in the reaction medium was used, so (2) is not satisfied. The geometry used in this work is shown in Figure 1 . This paper aims to evaluate the effectiveness of a modified model based on four flux of radiation (FFM), whose equations are based on a cylindrical geometry, to mathematically represent the radiation field in a stirred annular photoreactor. This model is coupled to a reaction rate model representing the benzyl alcohol oxidation. The FFM evaluates the incident radiation in each point of the reaction space. This model considers that the incident radiation is the sum of radiation fluxes traveling from the light source towards this point and the fluxes due from both axial and radial scattering. As this model is developed from cylindrical geometries, its solution is expected to better represent the radiant field inside an annular photocatalytic reactor than the models developed from slab plane geometries where the reaction space is only a thin film.
The main objective of this work was to validate the proposed four-flux model, which is specifically designed for annular photocatalytic reactors with a relationship, that is, the reactor is not thin-walled. FFM is tested against the results with experimental data of the photocatalytic and selective oxidation of benzyl alcohol towards benzaldehyde. Moreover, the radiation profiles were compared to those calculated by MC, DOM, and SFM. The FFM and DOM were carried out with commercial software Comsol Multiphysics 4.4, which is a powerful differential equation solver.
Methodology
The main objective of this work was to test a proposed FFM to efficiently represent the radiant field inside an annular reactor when the reaction space is not a thin film. In order to validate the proposed model, the profiles obtained with FFM were compared to those previously reported in the literature. Also, the FFM was applied to describe the radiant field in a batch annular photoreactor employed to experimentally obtain benzyl alcohol oxidation data. Then, the kinetics of this reaction was established as function of LVREA.
2.1. Source Data 2.1.1. System 1. The profiles obtained in a thin-film slurry reactor of inner wall (TFSIW) reported by Li Puma et al. [5, 14, 17] and obtained by the six flow model were replicated for comparison purposes. In this case, the relation R R / R R + δ = 0 76 The characteristics of the system are summarized in Table 1. 2.1.2. System 2. This photoreactor was previously reported [28, 29] and was named Photo-CREC Water II and employs TiO 2 (anatase) as a catalyst. In such a reaction system, the lamp is annulus centered. The relationship 2
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The characteristics of the system are also summarized in Table 1 .
2.1.3. System 3. Once the radiation model was validated with data reported in systems 1 and 2, this model was applied to simulate the radiation field in system 3 during benzyl alcohol selective oxidation towards benzaldehyde. Experimental data of benzyl alcohol oxidation were obtained in an annular cylindrical photocatalytic reactor. It is worth pointing out that in this reaction system, the lamp was placed at the center of the reactor without any additional physical protection (e.g., quartz sleeve). For this reason, the relationship R R / R R + δ = 0 5555
The employed catalyst was LiVMoO 6 , and a detailed characterization has been previously reported [31] . The characteristics of the system are shown in Table 1 . The FFM was used to describe the radiant field in this reactor and to obtain the kinetics of benzyl alcohol oxidation as a function of LVREA.
Mathematical Modeling of Radiation Emission.
The emission of radiation from the cylindrical lamp is modeled using the linear source spherical emission (LSSE). This model considers that the lamp is a linear source, and each point on the line emits radiation isotropically and in every direction. It is assumed that the radiation emitted by each point of the lamp is constant along the axial length of the lamp [5] . According to the literature, the intensity of the incident radiation entering the inner wall of the annulus can be calculated as
where The experimental emitted radiation was measured by a UVX radiometer equipped with a sensor of 254 nm placed at the lamp wall and 0.01 m from the lamp.
Mathematical Modeling of Absorption and Scattering
Radiation. To establish the mathematical FFM, the following assumptions were made: (a) reactor with slurry catalyst, (b) heterogeneous model, (c) isothermal process, (d) perfect mixing and therefore the catalyst concentration is homogeneous at all reaction space, (e) photons are absorbed only by catalyst particles, (f) the flux of photons occurs only in four directions, two radial, and two axial directions, (g) the emission of photons by the lamp is isocratic, (h) oxygen bubbles do not affect the radiation fluxes, and (i) the scattering of photons by the catalyst is isotropic.
FFM was employed to evaluate the incident radiation on a given point inside the reaction space. In this model, the total radiation flux is taken as the sum of the flux of photons traveling from the light source towards that point and flux of photons from scattering in both two axial directions and two both radial directions. In concordance, a photon balance was performed in a differential volume element shell shaped in cylindrical coordinates ( Figure 2 ).
The flux of incident radiation g f , the flux entering the differential element due to backscattering g b , and the fluxes entering from bottom and upper walls (g a and g c ) are the four fluxes that this model accounts for. The parameters p f , p b , p a , and p c represent the probabilities of occurring backscattering in the corresponding directions. The number and external area of the catalytic particles are n p and a p , respectively, so in order to establish that the FFM is necessary to perform a balance of incident radiation g f , in the four considered directions. For example, the following radiation balance in the radial direction can be written as
Input photons − output photons = absorbed photons 5
So the balance is
By reordering and applying lim Δr→0 ,
where
The term 1/ 1/n p a p is the extinction characteristic length. It has been suggested [5] that the extinction characteristic length can be replaced by the inverse of the extinction volumetric coefficient 1/βC cat Physically, this represents the mean free path of the photons in the slurry. Doing a similar balance in the backscattering directions, the following equations are obtained:
Equations (7), (10), (11), and (12) are simultaneously solved by applying the following boundary conditions.
(1) BC 1: at wall lamp or inner wall:
(2) BC 2: at external reactor wall (opaque wall): International Journal of Photoenergy
13b (3) BC 3: at upper and bottom wall:
These boundary conditions are shown in Figure 3 . Furthermore, considering an infinitely long reactor, the following condition can be established, along the axial axis:
The LVREA using the four-flux model can be calculated by the following expression:
2.4. Simulation of Radiant Field. The software COMSOL Multiphysics version 4.4 and subroutines performed in Matlab® were employed to solve the FFM and kinetic models, respectively. To carry out the simulation, the geometric domain of both, reaction space and lamp, was established. The model is two-dimensional and symmetric with respect to the axial axis. A nonuniform mesh was used, with a size of element calibrated to plasma, giving major emphasis on the inner wall of the annulus, using a fine mesh at this boundary and coarser in the outer wall of the reactor to accurately assess each border (Figure 4 To do so, the geometric domain of reaction space was established as 3D model. Several preliminary simulations were run using this method. In these trials, the mesh in all domains was refined incrementally until the physical ram limit of the workstation (8 Gb) was reached. Geometry and mesh employed are shown in Figure 4 (b). The modeling instructions for DOM can be found in the complementary content (Appendix B).
(B) Six-flux model (SFM) was implemented in programming language Matlab according to the methodology reported by Li Puma [14, 17] .
(C) Monte Carlo Method (MC) was also implemented in programming language Matlab based on Moreira et al. [28, 29] . In this case, the number of used photons was 1 × 10 7 . In addition, subroutines were programmed to generate random numbers.
The codes to solve the applied models, SFM and MC, are rather lengthy. However, they can be provided upon request.
Kinetic Model.
To determine the radiation effect on reaction rate, a kinetic expression as function of LVREA can be obtained.
where f C AB is a function of reagent concentration (benzyl alcohol) and the dependence of reaction rate with LVREA is given by g LVREA . To describe f C AB is possible to employ a power law model. This is accepted when the reagent absorption on the catalytic surface is negligible and therefore the LHHW model becomes a pseudo first-order equation.
Although this kind of equation does not include the effect of reactive intermediaries, it still provides reasonable results [6, 11] . Several authors have studied the kinetics of photocatalytic oxidation of aromatic alcohols to corresponding aldehydes, and they claim a first-order kinetics regarding alcohol concentration [10, 11] .
where K Ap is the apparent kinetic coefficient that includes the effect of catalyst concentration, temperature, oxidant concentration, and so forth. Furthermore, since there is reaction due to photolysis only (without catalyst), this can be considered within the reaction rate expression.
where k r1 is the intrinsic constant of reaction rate without catalyst and k r2 is the reaction rate constant with catalyst, which is a function of LVREA. Therefore, K Ap can be expressed as
by linear regression, both the order of LVREA and k r3 were calculated. Employing the FFM method, the values of averaged LVREA corresponding to each catalyst concentration were calculated. The contribution due to photolysis is negligible; for this reason, the LVREA due to the reactive species was not added in the photolysis term. It is worth noticing that in other cases, when the reactant molecule has a strong absorption of photons, this contribution must also be taken into account. This also applies for intermediaries. In the present case, however, the reaction kinetics was established with 5 International Journal of Photoenergy very low conversion data and therefore the presence of intermediaries was considered rather low as to contribute to LVREA. Figure 5 shows the emitted radiation profiles calculated by both, MC and LSSE methods. In addition, the radiation values experimentally measured by a UVx radiometer equipped with a detector 254 nm were plotted. Figure 5(a) shows the values of the emitted radiation, I R lamp ,z on the wall of the lamp, and Figure 5(b) shows the values of I R lamp +0 01m,z at 0.01 m from the wall of the lamp. It can be seen that both methods are in good agreement with experimentally obtained data, which justifies the use of both Monte Carlo method and LSSE model in this research.
Results

Emission Model.
Absorption of Radiation Model.
The results of the proposed model ( (7), (8), (9), (10), (11), (12), (13a), (13b), (13c), (14) , and (15)) were compared with those obtained by MC, SFM, and DOM. It was assumed that MC is the method that best represents the radiant field in the photocatalytic reactor. Even though the DOM is robust, it requires a very refined mesh to give congruent results.
3.2.1. System 1: TFSIW. The first analyzed photocatalytic reactor was a TFSIW reported by Li Puma et al. [5, 14, 17] . This reactor has a radius ratio R R / R R + δ = 0 76 Figure 6 shows the radial profiles of LVREA at z = L R /2 for this system, calculated by the four methods and parity diagram. It can be seen that SFM and DOM represent LVREA profiles better than the FFM with regard MC, especially when the catalyst concentration is low. However, FFM results can be considered to be adequate also if a rapid estimation of LVREA is required. Both the FFM and the SFM have small deviations in the inner wall when the catalyst loading is large. With the mesh used for the DOM, the computing time was approximately 40 minutes. Using a finer mesh could increase the computing time by several hours. The solving time for FFM was about 2 minutes regardless the elements number in the mesh.
System 2 (Photo-CREC II).
The results obtained by FFM method are in agreement with the data previously reported by Moreira et al., which were obtained from MC for Photo-CREC water II [28, 29] . Figure 7 shows the radial profiles for the LVREA at different photocatalyst concentrations for TiO 2 anatase and parity diagram obtained by SFM, DOM, and FFM versus MC. In this case, it is observed that the results obtained by FFM and DOM are quite congruent although they tend to deviate slightly from those obtained by MC. This reactor has a ratio of radius R R / R R + δ = 0 6231 The mesh used in DOM for this relationship can be considered as semicoarse and give good results in about 1 hour of computing time.
3.2.3. System 3. This system was theoretically and experimentally studied. Figure 8 shows the comparison of the LVREA profiles obtained from the three methods for the catalyst LiVMoO 6 . It is worth noticing that the catalyst with the highest extinction coefficient values β = σ + κ (TiO 2 DP 25) produces higher values of LVREA at the same catalyst concentration. The values of LVREA obtained by LiVMoO 6 catalyst are smaller than the values obtained by TiO 2 catalyst; however, the special interest on LiVMoO 6 catalyst resides on that it presents catalytic activity even in the visible spectrum [31] .
In Figure 8 , it can be observed that near the lamp wall (dimensionless radius = 0.4), LVREA is maximum and rapidly decreases as dimensionless radius increases. This effect is considered by both, MC and FFM; however, the SFM does not account for it. This can be attributed to SFM being explicitly developed for thin-walled annular reactors and presents significant deviations when R R / R R + δ ≪ 1. Also, DOM presents a great deviation with respect to MC. This is because the meshing is not fine enough. However, using a more refined mesh causes the available RAM to be exceeded. Table 2 shows a comparison of correlation coefficients for SFM, FFM, and DOM considering that MC is the most It can be seen that the FFM better predicts the profiles of LVREA when R R / R R + δ ≪ 1 and the catalyst loading is relatively low, for example in system 3. Through Figures 6, 7 , and 8, it can be seen that near the inner wall of the reaction space, LVREA is maximum and rapidly decreases as dimensionless radius increases. This can be ascribed to an obstruction effect produced by catalyst particles. One can also notice that in cases where the photocatalyst concentration is relatively high, the particles closer to the inner radius absorb most of the radiation entering the reactor. According to the results, it may be seen that low values of LVREA are obtained at low catalyst concentrations; however, the effectively irradiated zone is greater. At high catalyst concentrations, high values of LVREA are achieved near the wall of the lamp; however, the effectively irradiated zone is drastically diminished in the radial direction. It is important to note this effect since it is desirable to obtain high values of LVREA, but at the same time maximize the irradiated zone. In dark zones, absorption of photons does not occur, which provokes the effective volume of the reaction being smaller, that is, the reactor volume is being subutilized. This effect is shown in Figure 9 . A sufficiently high photocatalyst concentration produces zones with dark areas towards the external radius. Therefore, there is an optimal catalyst concentration that provides an optimal irradiated reactor space. Photocatalyst concentrations above this maximum show an essentially negligible effect on LVREA. This optimal concentration can be seen in Figure 10 , and it is in agreement with those reported [28, 29] for TiO 2 catalyst (system 1 and system 2). For system 3, the optimal concentration is achieved at 1 kg/m To obtain a kinetic expression for photocatalytic oxidation of benzyl alcohol, the integral method was employed. An adjust by least squares was performed for different models, including the LHHW model, and it was found that the better adjustment is at pseudo first order in respect of concentration of benzyl alcohol. This 9 International Journal of Photoenergy squares was performed to obtain the dependence of rate constants with the LVREA (Table 3) . 10 International Journal of Photoenergy should be noted that the value of m is relatively independent on the type of substrate. Instead, it should be dependent on the radiation intensity level over the catalyst. A fractional order dependence of photocatalytic reaction rate from the LVRPA is obtained when the rate of electron-hole recombination in the catalyst particles becomes predominant [18] . Equation (20) shows that the reaction rate depends on the LVREA values and the amount of irradiated catalyst. Figure 13 shows the concordance of the proposed mathematical model with experimental data of benzyl alcohol oxidation at different catalyst loadings.
In Figure 13 , a linear decrease of benzyl alcohol concentration is observed. This is in agreement with that previously reported [10, 11] . On the other hand, the conversion increases with the catalyst loading up to a point where a further increase on catalyst loading does not produce a significant improvement on conversion, due to LVREA reaches a maximum at this point, establishing that the optimal catalyst loading is 1.0 kg/m 3 for LiVMoO 6 .
Conclusions
The proposed mathematical model (FFM) describes the radiant field in a photocatalytic annular reactor. Its numerical solution corresponds appropriately with experimental and numerical data, and it requires a minor computational effort than the other models, such as DOM, which is very robust and accurate but requires a high RAM capacity. The FFM was specifically designed for cylindrical geometries with the lamp located at the axial axis of the reactor submerged in reaction medium. The FFM predicts the LVREA profiles better than the other models when R R / R R + δ ≪ 1, and the catalyst loading is low. The obtained kinetic equation describes the reaction rate in the photocatalytic reactor for selective oxidation of benzyl alcohol as function of the LVREA. The FFM allows the evaluation of LVREA at different catalyst loadings, power lamp, or reactor dimensions. Therefore, it allows the calculation of reaction rates at different experimental setups.
Within the range of studied variables, the reaction rate of the selective oxidation of benzyl alcohol adequately fits a first-order kinetics, where the kinetic coefficient is a function of LVREA, and this depends on catalyst loading, power lamp, and annulus width.
( (7) Set of differential equations: in the ODE interfaces, select all domains. Go to the ODE general form window settings and introduce the differential equations system defined for (7), (10), (11) , and (12). 
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